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Minimal triangulations 
of closed surfaces 



Closed surfaces (2-manifolds) 

The topological type of a connected closed surface 

are completely classified. They are either 
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Minimal triangulations 

 of surfaces 



Example 1 

 

 

 

 

For      , Heawood’s inequality is 

 

 
 

Minimal triangulation has 7 vertices. 



Example 2 

 

 

 

 

For         , Heawood’s inequality is 

 

 
 

Minimal triangulation has 39 vertices. 



Minimal triangulations 

of closed surfaces 



Lower bounds of the 
number of the vertices 

& 
Upper bounds of  

graded Betti numbers 



Notation 1 

       : (abstract) simplicial complex with n vertices 

       : connected closed d-mfd 

       : geometric realization of  

      is a triangulation of M 

       is orientable 

 



Notation 2 

        

       is a combinatorial triangulation of M    

 

       is a    homology manifold 

 

  

and each            is a PL sphere.  

pure & each             is Gorenstein* (over    )  
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Generalizations of 

 Heawood’s inequality 

Remark: Heawood’s inequality is the special case 

 when  



Known cases 

Kühnel’s Conjecture holds for 

   

   

   

   

   



Result 



Idea of Proof 



Question 
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Tight triangulations 
& 

Linear resolutions 



Definition 



Properties 

 

 

 

  connected & tight             neighborly  

 

 

 

  If     is a triangulation of a closed surface, then 



Properties 

 

 

 

 

 

 

 

  If     is a triangulation of a closed surface, then 



Big problem 

 



Motivation of the conjecture 

 

 

 

 

 

 

 

• Minimal triangulation of                        is tight. 

• Minimal triangulation of          is not tight. 



Target Problem 

 

 

 

 

 

 

• The conjecture holds for           (Kühnel)  

• The conjecrure holds for           (Kühnel, Datta-M) 



Result 



Tightness & Betti numbers 

 

 

 

 

 

 

   



Tightness & Betti numbers 

 

 

 

 

 

 

   



Tightness & Betti numbers 

 

 

 

 

 

 

   



Observation 



Why link has linear resolution? 

looks  linear 

resolutioin 



Why linear resolution determine 

the number of the vertices? 

 

Assumption: 

   



Questions 

 



Unfortunate Fact 

• Existence of tight triangulations are know for 

 

 

• Non-Existence of tight triangulations are known for  



Thank you very much 
for your attention 


